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Abstract. In this paper, firstly as a short note, we prove that a left derivation 
of a semiprime T-ring M must map M into its center, which improves a result 
by Paul and Haider and some results by Asci and Ceran. Also we prove 
that a semiprime T-ring with a strong commutativity preserving derivation 
on itself must be commutative and that a strong commutativity preserving 
endomorphism on a semiprime T-ring M must have the form u(x) = x + C( x ) 
where £ is a map from M into its center, which extends some results by Bell 
and Daif to semiprime T-rings. 



1. Introduction 

In 1964, Nobusawa [TT] had introduced the notion of a T-ring, which was ex- 
tended by Barnes [2] in 1966 so that the quotient T-ring of a T-ring can be defined 
reasonably. At present the notion by Nobusawa is called a T Ar-ring, and the notion 
by Barnes is called a T-ring. A rV-ring is a T-ring, and there exists a T-ring being 
not a FV-ring. Barnes [2] has defined a T-ring as following: Let M and V be two 
additive abelian groups. If there exists a map (a, a, b) i— > aab ofMxTxM-^r 
satisfying the conditions 

• (a + b)ac = aac + bac, a(a + /3)b = aab + a/36, aa{b + c) = aab + aac, 

• (aab)(3c = aa(b(3c) 

for all a, b, c G M and a, /3 G T, then M is called a T-ring. 

An associative ring R can be seen as a T-ring. For example it is pointed out 
explicitly in [7] that an associative ring R is a T-ring with r = U or Z where Z 
is the ring of integers and U is an ideal (even an additive subgroup) of R. Some 
properties of T-rings as contrast to those of general rings have also been obtained 
by Barnes p], Kyuno [9] and Luh [10]. 

An additive subgroup U of a T-ring M is called a left (resp. right) ideal of M if 
MTU C U (resp. UTM C U). A left ideal U of a T-ring M is called an ideal of M if 
it is also a right ideal of M. The set Z(M) = {a G M \aab = baa,Vb G M,Va G T} 
is called the center of M. 

A T-ring M is called prime if aTMTb = with n,ieM implies a — or b = 0. 
A T-ring M is called semiprime if aTMTa = with a G M implies a = 0. The 
notion of a (resp. semi-)prime T-ring is an extension for the notion of a (resp. 
semi-) prime ring. 
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Recall that an additive map S from a ring R into itself is called a left derivation 
if 8{xy) = xS(y) + yS(x) holds for all x,y G R. In 1990, Bresar and Vukman [6] 
firstly introduced the notion of a left derivation in a ring and proved that a left 
derivation of a semiprime ring R must map R into its center. 

Similarly an additive map S from a T-ring M into itself is called a left (resp. 
right) derivation if S(xay) = xad(y) + yaS(x) (resp. S(xay) = 5{y)ax + 8{x)ay) 
holds for all x,y G M and a G T. 

Naturally the notions of derivations and endomorphisms for rings have extensions 
for T-rings. An additive map \i from a T-ring M into itself is called a derivation 
(resp. endomorphism) if /j,(xay) — n{x)ay + xafi(y) (resp. n(xay) — ^i(x)a^i(y)) 
holds for all x,y G M and a G T. 

Some conclusions concerning maps and identities in (semi-)prime T-rings or Tn- 
rings were obtained as a complement of those in (semi-)prime rings. For example 
we can search some of them in [Til [T31 [TSl H3 UHl HS1 H21 13 E] - 

In 2007, Asci and Ceran Q] discussed the left derivation of a prime T-ring and 
obtained some conclusions on commutativity of a prime T-ring. For example it 
is proved that for a prime T-ring M with a nonzero ideal U and a nonzero right 
derivation d, if charM ^ 2,3, d 2 (U) C Z(M) and d(?7) C [/, then M is commuta- 
tive. 

In 2009, Paul and Haider [13] proved that a left derivation of a semiprime T-ring 
M must map M into its center under the assumption that aabftc — aftbac holds 
for all a,b,c G M and a, ft G T. In 2010, Paul and Haider [14] also considered 
this problem. In this paper, we get rid of the assumptions in Paul and Haider's 
Theorems. Particularly we obtain that a prime T-ring with a nonzero left or right 
derivation must be commutative, which extends the conclusions appearing in pQ. 

For a ring R with a,b G R, the symbol [a, b] denotes ab — ba. Similarly in a 
T-ring M with a,b G M and a G T, the symbol [a, 6] Q denotes aab — baa. For 
a ring R with a,b,c G i? the commutator formulas [a, be] = [a,b]c + 6[a, c] and 
[ab,c] — a[6, c] + [a,c]6 are very useful in the course of dealing with identities in 
semiprime rings. But in a T-ring M with a, b, c G M and a, /3 € F, the commutator 
formulas become [a, frac]^ = [a, frj^ac + ba[a, c]p + b/3aac — baaj3c and [aab, c]p — 
[a, c]pab + aa[b, c]p + aac/3b — a/3cab. The assumption that aab(3c = aftbac holds 
for all a,b,c G M and a, ft G T can make the commutator formulas appear as 
[a,bac]p = [a, b]pac + ba[a, c]p and [aab,c]p — [a,c]pab + aa[b,c]p which is same 
as those in general rings. However in this paper, all results being proved need not 
this assumption, which shows that some results can be kept from semiprime rings 
to semiprime T-rings although the basic commutator formulas have to be changed. 
For convenience aacftb — aftcab is usually denoted by the symbol a[a, ft] c b although 
the form [a, ft] c = acft — ftca has not any sense. 

A map / from a ring R into itself is called strong commutativity preserving (scp) 
on a subset S of R if [f(x),f(y)] = [x,y] holds for all x,y G S. The notion of a 
strong commutativity preserving map was first introduced by Bell and Mason [4]. 
Bell and Daif [3] gave characterization of scp derivations and endomorphisms on 
onesided ideals of semiprime rings. Bresar and Miers [5] also described scp additive 
maps on a semiprime ring. 

Naturally a map / from a T-ring M into itself is called strong commutativity 
preserving (scp) on a subset S of M if [f(x),f(y)] a = [x,y] a holds for all x,y G S 
and a G T. In this paper, we also obtain that a semiprime T-ring with a strong 
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commutativity preserving derivation on itself must be commutative and that the 
strong commutativity preserving endomorphism on a semiprime T-ring M must be 
the form <j{x) = x + £(x) where £ is a map from M into its center Z(M), which 
have ever been obtained for semiprime rings by Bell and Daif ([3] Corollary 1] and 
the results implied by [3l Theorem 3]). 

2. Left derivations on semiprime T-rings 

The method employed in this paper is straightforward computation. Firstly we 
introduce some remarks. 

Remark 2.1. Let M be a F-ring and 6 : M — > M a left derivation. Then both 
S([a,b] a ) — and [c,b]pa6(a) = aacf35(b) — c(3aa5(b) hold for all a,b,c £ M and 
a,/3er. 

Proof. Using the definition of a left derivation on a F-ring and 8((aab)f3c) — 
5(aa(bf3c)) for all a,b,c £ M and a, /3 £ T, we can obtain the conclusion through 
the straightforward computation. □ 

The following simple observation is important for (semi-)prime T-rings. 

Remark 2.2. Let M be a T-ring with c £ Z(M), ax,...,a n £ M and /3i,...,/3 n £ 
F.Then 

c/3i<zi • • ■ p n a n = aiAr(i) • ' ■ a i@o{i) c Pcr(i+i) a i+i • • • P a {n) a n 
for all i £ {1, . . . , n} and a £ S n the symmetric group of degree n. 

Proof. It is easy to see that for each i £ {1, 2, . . . , n} 

CjSiOi • • • (3 n a n = a\fi\ ■ ■ ■ ai/3ic(3i + ia i+1 ■ ■ ■ f3 n a n 
since c £ Z(M). So it is sufficient to prove the equation 

C/3ldl • • • fin^n = C/3 CT (i)a! • • • /3 CT ( n )Cl n 

for all g £ S n in order to complete the proof. Now we prove this equation by 
induction on n. For n = 1 the equation is obvious. Set n > 1. Suppose that for 
every k < n the equation holds. If <r(n) = n, then there exists r G S n —i such that 
r(i) = a(i) for all 1 < i < n — 1. By the inductive assumption we get 

c/JiOi • • • ^„_ia„_i = c^ T (x)ai • • • /3 r ( n _i)a n _i = c/3 CT (i)ai • • • /3 CT ( n _i)a n _i. 

Hence cf3\a\ ■ ■ ■ f3 n a n = c/3 ff n)ai ■ • • Pcr(n) a n- If cr(n) ^ n, then by the inductive 
assumption and c 6 Z(M) we deduce that 

qSiai • • • /3„a„ 

= ( c /3 CT (n) a l/5ii ' • ' an~2Pj n -2 a n-l)P n O'n 

= (aipj 1 ■ ■ ■ a„_2/3j„_ 2 an-i/?na n )/3 (T ( n )C 
= (cft^i • • •/3j n _ 2 a n -2iS„a n -i)/3 CT ( n )a Ti 
= c^ CT (i)Oi • • •/3 CT ( n _i)a„_i/3 CT ( n )a n , 

which completes the proof. □ 

Remark 12.21 is important for prime or semiprime T-rings although it is easy to 
prove. For example if a semiprime T-ring M has its center nonzero then every 
commutator formula has a neat form with the help of any nonzero center element, 
i.e., da[a(3b 7 c\y — da(a(3[b,c} 7 + [a, c] 7 /36) holds for all d £ Z(M), a,b,c £ M 
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and a, y8,7 G T. Particularly for a prime T-ring with its center nonzero every 
commutator formula has the same form as one in a prime ring. That is [a/36, c] 7 — 
af3[b, c] 7 + [a, c] 7 /36 always holds for all a,b, c € M and /?, 7 G T in a prime T-ring 
with its center nonzero. But in general for most prime or semiprime T-rings the 
center is zero. However Remark 12.21 is still useful for a semiprime T-ring when 
proving some results on commutativity even though the center is equal to zero. 
The following characterization for left derivations in prime or semiprime T-rings 
will make use of this observation. 

Theorem 2.3. A left derivation of a semiprime T-ring M must map M into its 
center. 

Proof. Let 5 : M — > M be a left derivation. By Remark 12. II we have 

(2.1) [c, b]paS(a) — aacj35(b) — c/3aa5(b), a, b, c G M, a,f3£T. 
Putting b = [b, d]j in (|2.1I) and applying Remark I2TT1 we obtain 

(2.2) [c, [b, d]^]pa5(a) = 0, a, b,c,de M, a, /3, 7 G T. 
Then for all a, b, c, d,a± G M and a, j3, 7, 71 G T 

(2.3) [a, [c, [b, d] 7 ],g] Q 7i6(ai) = aa[c, [b, d] 1 ]pji5(ai) = 0. 

Putting a = a/y±ai in (|2.2p and applying (|2.3[) we get that 

= [c, [6, d] 7 ] /3 aai7i<5(a) + [c, [6, d] 7 ]^ao7i5(ai) 

= [c, [b, d] 1 ] p aa 1 -ii5{a) + [c, [6, d^acryi^ai) + [a, [c, [6, d] 1 }p] a j 1 5(a 1 ) 

= [c, [6, d] 7 ]/3aai7i(5(a) + aa[c, [b, d] 1 ]pj 1 8(a 1 ) 

= [c,[b,d] 7 }paaijiS(a) 

holds for all a,b,c,d,a\ G M and a,/?, 7, 71 G I\ That is [c, [6, d] 7 ]^rMr5(a) = 
holds for all a, b, c, d G M and /3, 7 G T. Hence [c, [6, 5(a)] 1 ]pTMT[c, [b, 5(a)] 7 ]p = 
holds for all a, 6, c G M and /3, 7 G T. Then [6(a), 6] 7 G Z(M) for all a,b € M and 
7 G r since M is semiprime. 

Put a = cfya in (|2.1j) then for all a, b, c, d G M and a, /3, 7 G T 

(2.4) [c, 6]^aii7(5(a) + [c, 6]^aa7i5(d) = d^aacl35(b) — cj3d r yaa8(b). 

Multiply the two sides of (|2.1[) with "c?7" from the left hand side then for all 
a,b,c,d £ M and a, /3, 7 G T 

(2.5) d7[c, 6]/3a<5(a) = d^aacj35(b) — djc/3aa5(b). 
Compute (|2~4")) - (j2~5l) then for all a, b,c,d G M and a, /?, 7 G T 
(2-6) 

[c, 6],aQ;d7(5(a) + [c,b]paaj5(d) — d^[c,b]pa5(a) = d^cl3aa5(b) — c/3d , yaaS(b). 

Setting c = b, d = [5(b), b]pa5(b) in ([2~6l) . and then applying [<5(o), % G Z(M) and 
Remark |2. 21 we have that 

[5(b),b] fj o-[5(b),b] f}7 aa5(b) = 

holds for all a,b G M and a, /?, 7, a G T. That is 

[<y(6),6] /j£ r[*(6) s 6] j8 rAfr[*(6),6]p<7[5(6) ) 6]^ = 

holds for all b G M and /3, a G T. Then [<5(6), 6]^cr[^(6), % = holds for all b G M 
and /3, <7 G r. Hence [<5(6), b]p = for all b G M and £ G T since [<*(&), % G Z(M) 



LEFT DERIVATIONS AND STRONG COMMUTATIVITY PRESERVING MAPS 



5 



the center of the semiprime T ring M. Setting c = 6(b), d = [d, 6(b)]pad in (12. 6|) . 
and then applying [d,6(b)]p G Z(M) and Remark 12.21 we deduce that 

[d,6(b)] a[d,6(b)]^aa6(b) = 

holds for all a,b,d 6 M and a, /?, 7, cr G T. Similar to proving that [6(b), b}p = we 
also obtain [d, 6(b)]p = for all b, d G M and /3 G F, which completes the proof. □ 

Furthermore we will get the result for prime T-rings. 

Corollary 2.4. A prime T-ring with a nonzero left derivation must be commutative. 

Proof. Let 6 : M — > M be a nonzero left derivation of a prime T-ring M. By 
Theorem OH Remark O and [U 

(2.7) [c,b] a6(a) = [a,c] a6(b), a,b,c£M, a,/3eT. 

Putting c — a and applying 6(a) G Z(M) we deduce that [a, b]pTMTS(a) — holds 
for all a,b G M and /3 G T. Hence for every a G M we deduce that either a G Z(M) 
or (5(a) = 0. That is M = ker<5 U Z(M) is the union of its two subgroups. Thus M 
is commutative since 6 ^ 0. □ 

3. Strong commutativity preserving maps on semiprime T-rings 

The following results (Theorem 13.11 and I3.2j) on scp maps have been proved 
in semiprime rings by Bell and Daif (see [3] for reference in which more general 
situation were considered). Here we will indicate that some results appearing in 
[3] also hold in semiprime T-rings although the commutator formulas have become 
complicated. 

Theorem 3.1. A semiprime T-ring with a strong commutativity preserving deriva- 
tion must be commutative. 

Proof. Suppose that M is a semiprime T-ring with a strong commutativity 
preserving derivation 6 on M. That is [5(x),6(y)] a — [x,y] a for all x,y G M and 
a G T. Then for all x,y, z G M and a, (3 G T 

[x/3z,y] a = [6(xf3z),5(y)] a = [6(x)f3z,6(y)] a + [xf36(z),6(y)] a . 

Moreover we get that 

xj3[z, y] a + [x, y] a /3z + x[j3, a] y z 
= 6(x)p[z,6(y)] a + [8(x),8{y)] a 0z + 5{x)\p,a] sw z+ 
xj3[6(z),8(y)] a + [x,6(y)] a f36(z) + x[f3,a\ S ( y )6(z) 

holds for all x,y, z G M and a, G T. That is for all x,y,z G M and a, (3 G T 
(3.1) 

x[j3,a] y z = 6(x)(3[z,6(y)] a + 8(x)[P,a] S(y) z + [x,6(y)] a f38(z) + x[/3, a] S ( y )6(z). 
Putting z = zjt in (|3 . 1 [) we obtain that for all x,y, z,t G M and a, j3, 7 G T 

x[(3,a] y zjt = 5(x)P\z~f[t, 6(y)] a + [z,8(y)] a jt + z[j, a] S ( y )t) 
(3-2) + 6(x)[i3,a] s(y) z 1 t+[x,8(y)] a p5(z) 1 t 

+ [x,8(y)} a /3zj8(t) + x[(3, a]§^8(z)'yt + x[/3, a\ 5 ( y )Zj6(t). 

Multiplying the two sides of p. II) by "7*" from the right hand side, and then 
comparing with (|3.2I) we deduce that for all x, y, z, t G M and a, /3, 7 G T 

(3.3) S(x)/3(zj[t,6(y)] a + z[-f, a] s{y) t) + ([x, S(y)] a j3z + x[f3, a] S ( y )z)j8(t) = 0. 
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Setting t = 5(y) and 7 = a in (|3.3|) we get that for all x,y,z £ M and a, (3 £ V 

(3.4) (x/35(y)az - 8{y)axPz)a5 2 {y) = 0. 

Putting a — a + 7 into (|3.4p and applying (|3.4[> we deduce that for all x,y,z £ M 
and a, /3, 7 £ T 

(x(35(y)az — 5(y)ax(3z)~fd 2 (y) = — (x(35(y)jz — S(y)^fxPz)aS 2 (y). 

Then by l|3.4p for all x,y,z £ M and a, /?, 7 G T 

(x/3<5(y)az — <5(y)ax/3z)7<5 2 (?/)rMr(a; ; 3(5(?/)Q;z — <5(y)aa;/3z)7(5 2 (y) 
= - (xf3S(y)az - S(y)ax^z)'y6 2 (y)TMT(xl3S(y)'yz - <5(y)7x/3z)a;(5 2 (?/) 
= 0, 

which implies (x(35(y)az — S(y)axf3z)^S 2 (y) = for all x,y,z £ M and a, (3, 7 £ T 
since M is semiprime. Set /3 = a and x = 8{x) in (x/35(y)az — S(y)axl3z) r yS 2 (y) = 0. 
Then for all x,y,z £ M and aeT 

[x, y] a a2rMr[x, y] a az 
= [5(x),S(y)] a azTMT[S(x),5(y)] a az 
= [S(x), S(y)] a azTMT[S 2 (x), 5 2 {y)] a az 

= 0, 

which shows [x, y\ a az = for all x,y, z £ M and a £T. Then for all t, x,y,z £ M 
and a, 7 £ T 

(3.5) = [t'yx, y\ a OLZ — tj[x, y] a az + (tjyax — yatjx)az = (t^yax — yatjx)az. 

Putting a — a + fi into (|3.5|l and applying (|3.5|> we deduce that for all t, x,y,z £ M 
and a, /3, 7 G r 

(tjyax — yat^x)/3z = —(t'yyftx — y/3tjx)az. 

Then by ([33]) for all t, x,y,z £ M and a, /3, 7 £ T 

(tjyax — yat"fx)f3zTMT(t"fyax — yatjx)/3z 
= — (tjyax — yatjx)f5zTMT(tjyf3x — y/3tjx)az 
= 0, 

which implies (tjyax—yatjx)/3z = for all t, x, y, z £ M and a, /?, 7 £ T. Moreover 
tjyax — yatjx = for all t,x,y £ M and a, 7 £ T. Hence for all t,x,y £ M and 
a, 7 G T 

[tjx, y] a — tjxay — yatjx — tjxay — tjyax = Py[x, y] a - 
Then for all x,y, z £ M and a, j3 £ T 

x/3[z,y} a = [x(3z,y] a = [8(x/3z),5(y)] a 
= [S(x)pz,S(y)] a + [xpS(z),S(y)] a 
= 6(x)0[z,8(y)] a + xP[S(z),S(y)] a . 

So S(x)(3[z, S(y)] a = for all x,y,z £ M and a,/3 £T, Hence for all t, x,y,z £ M 
and a, j3, 7 G V 

= 5(x)p[t lz , 5(y)] a = 5(x)/3ty[z, 8{y)] a , 
which implies [S(x),S(y)] a TMT[5(x),5(y)} a = for all x,y £ M and a £ T. Thus 
[x, y] a = [<5(x), S(y)] a — for all x, y £ M and a £ T completes the proof. □ 

It is implied by [3] Theorem 3] that for a semiprime ring R with an endomorphism 
T, then T is scp on R if and only if T(x) = x + £(x) for all x G R where £ is a map 
from R into its center. We will show this also holds for semiprime T-rings. 
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Theorem 3.2. Let M be a semiprime T-ring with an endomorphism a . Then a is 
strong commutativity preserving on M if and only if there exists a map £ : M — > 
Z{M) such that o~(x) = x + ((x) for all x S M. 

Proof. We will only consider the necessity since the sufficiency is obvious. 
From [o~(xaz),o~{x)] a = [xaz,cc] Q for all x, z G M and a £ T we obtain (o~(x) — 
x)a[z, x] a — 0. Then for all x,y, z G M and a, /3 G T 

= (cr(x) — x)a[y/3z, x] a 
(3.6) = (o~(x) — x)a[y, x} a /3z + (cr(x) — x)a(yf3zax — yaxftz) 

= {o~(x) — x)a(y/3zax — yaxftz). 

Linearizing a in ()3.6j) we have that for all x,y,z G M and a, 0, 7 G T 

(cr(a;) — x)a(y/3zjx — y^xfiz) = — (cr(x) — x)j(y/3zax — yaxfiz). 

Then by (|3?6| for all x,y,z G M and a, /3, 7 G T 

(cr(a;) — x)a(y/3zjx — yjx/3z)TMT(a(x) — x)a(y/3zjx — yjx/3z) 
= —(cr(x) — x)a(y/3z r yx — y~/x/3z)TMT(o~(x) — x)j(yf3zax — yaxfiz) 
= 

which implies (o~(x) — x)a(y/3zjx — y"/x/3z) = for all x, y, z G M and a, /3, 7 G T. 
Linearizing x in (o~(x) — x)a{yf3z^x — yjxftz) = we get for all x,y,z,t € M and 
a,/3,7 G F. 

(cr(x) — x)a(y/3zjt — yjtfiz) — — (c(t) — t)a{yj3z^jx — yjxj3z). 

Then for all x,y, z,t G M and a, /3, 7 G F 

{o~(x) — x)a(y(3zjt — yjt/iz)TMT(a{x) — x)a(yf3z r yt — yjtflz) 
= — (cr(x) — x)a(yf3zjt — yjtf3z)TMT(a(t) — t)a(yf3z~/x — yjx/3z) 
= 0, 

which shows (<x(x) — x)a(y/3z"/t — yjt/3z) = for all x,y,z,t € M and a, /3, 7 G T. 
Then for all x,y, z £ M and a, /?, 7 G T wc obtain both 

(( CT (y) - y)Pzi% - ("-(J/) ~ y)7^z)FMr((cr(y) - y)/3zjx - (a(y) - y)-fx/3z) = 
and 

(yf3(o~(x) — x)"/z — yjz/3(a(x) — x))TMY{yf3{o~(x) — x)^z — y^zf3(<j{x) — a;)) = 0. 

So both (a(y)—y)/3zjx—(a(y)—y)jxl3z — and yl3(a(x)—x)jz~yjz/3(a(x)—x) = 
hold for all x,y, z G M and /3, 7 G F. Hence for all x,y,zGM and a, /3 G T we get 

[(o-(as) - x)ay, z]p = [a{x) - x, z]pay, [ya(a(x) - x), z]p = [y, z]pa(a(x) ~ x) 

and [yaz, cr(x) — x]p = [y, cr(x) ~ x]paz. Then for all x,y, z G M and a, j3 G T 

= [<j(x)our(y),a(z)]p-[xay,z]p 

= ([a(x)a<r(y), a(z)]p - [<r(x)ay, a(z)]p) + ([<r(x)ay, a(z)]p - [xay, a{z)]p) 

+ ([xay,a(z)] p - [xay,z]p) 

= [a(x)a(o-(y) - y),a(z)]p + [((r(x) - x)ay, <r(z)}p + [xay, a(z) - z]p 

= [a(x),o-(z)]pa(a(y) -y)+ [<t(x) - x, o-(z)} p ay + [x, a(z) - z]fsay 

= [x, z]pa(a(y) - y) + [x, z] /3 ay - [x, a(z)]pay + [x, a(z) ~ z\pay 

= [x,z]pa{a{y) - y). 

Hence for all x, y, z G M and a, j3, 7 G T 

= [(<r(y) - y)ix, z]pa(a(y) -y) = [a(y) - y, z] p jxa(a(y) - y). 
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Thus [a(y) - y, z] p TMT[a{y) - y, z]p = holds for all y, z G M and (3 G T. Then 
[cr(y) — y, z]/3 — for all y,z G M and f3 G T completes the proof. □ 

For prime T-rings we get a further result. 

Corollary 3.3. In a noncommutative prime T-ring M the identity map is the 
unique strong commutativity preserving endomorphism on M . 

Proof. Let a : M M be a strong commutativity preserving endomorphism 
on M. Then by Theorem 13.21 there exists a map £ : M — > Z(M) such that a(x) = 
x + ((x) for all x G M. For all x,y G M and a eT 

(3.7) 

xay + ((xay) = a(xay) = a{x)aa{y) = xay + ((x)ay + £(y)ax + £(x)a£(y). 

Then for x S M such that £(x) / we get £(x)a[x, y\$ = for all y € M and 
Q l( 3er from |3~7)) and Remark |2~2"1 So [x, y]^ = for all y £ M and /3 G T since M 
is prime and 7^ Cl^) £ Z(M). That is for every x € M once ^ we always 
have x € Z(M). Now we assume that there exists Xq € M such that Cf^o) 7^ an d 
proceed to obtain a contradiction so that the proof could be completed. We may 
choose an element yo € M\Z(M) since M is noncommutative. Then C(2/o) = 0, 
i.e. cr(?/o) = Ho- Putting x = xq and y = y$ in (|3.7[) we obtain C(^o) a yo G Z(M). 
So £(a;o)a[?;o, 2]^ = holds for all z € M and a,/3 € T which means yo S Z(M) a 
contradiction. □ 

Next we will give an example showing that there exists a non-identity strong 
commutativity preserving endomorphism on certain noncommutative semiprime T- 
ring. 

Example Let R — Ma(C) x C where C is the field of complex numbers. Then 
R is a noncommutative semiprime ring and a : R — » R such that o~(A, a) = (A, a) 
for all ( A, a) G R is a non-identity strong commutativity preserving automorphism 
on R. □ 

Acknowledgement We would like to thank Professor Paul for sending the paper 
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